ABSTRACT Laguerre-Gaussian (LG) beams with orbital angular momenta (OAM) are widely used in optical communication systems to increase capacities because of their orthogonality and completeness. However, the apertures of practical OAM-based multiplexing systems are always finite and inevitably affect the orthogonality and completeness. In this paper, the influences of finite apertures on the orthogonality of LG eigen beams and on the completeness of the set of LG bases are investigated. The closed-form inner product of arbitrary LG beams in finite apertures is derived. The results show that in finite apertures, the orthogonality of LG eigen beams with the same topological charge is partially lost, whereas the orthogonality of those with different integer topological charges is preserved and independent of the aperture sizes and the radial indices. The subset of LG eigen beams satisfying the root mean square radius condition is proven to be incomplete by evaluating the approximation accuracy of the truncated LG expansions of arbitrary real-order LG beams. The peaks of the root mean square error of the truncated LG expansions are greater than 0.225 under the root mean square radius condition when approximating fractional LG beams. The results can be utilized in analyzing and designing optical communication systems using LG beams with both radial and azimuthal degrees of freedom under the finite aperture limitation.
always finite. In an arbitrary finite aperture, the LG eigen modes are cut off by the edge of the aperture. Only the eigen modes that satisfy the r.m.s radius condition can effectively propagate through the apertures [11] . Consequently, the limitations of the apertures cause truncation of the LG expansions. The truncations of the LG beams and the LG expansions inevitably affect the orthogonality of LG eigen beams and the completeness of the set of LG eigen beams. By examining whether the orthogonality and the completeness are still preserved after the truncations, we can theoretically determine whether fractional OAM beams are available along with integer OAM beams. This is crucial for the feasibility of increasing the capacities of OAM-based multiplexing systems.
For truncated LG expansions, R. Borghi et al. analyzed the influence of the truncation of circular symmetrical LG series without spiral phases, i.e., without OAM [26] . The generalized LG expansion used as a linear transformation was investigated by Pei et al. [27] . Its derivation with modifications of the beam waists was investigated by G. Vallone [28] . In [27] and [28] , the integral ranges are both ideally infinite. This is not sufficient for practical systems because of the finite apertures. The influences of finite apertures on the orthogonality of LG eigen beams and on the completeness of the set of LG bases need to be evaluated. Since LG beams are all annular, we restrict our focus to circular apertures, which are suitable for LG beams.
The purpose of this study is to determine the influences of the aperture size on LG eigen beams, specifically on both the orthogonality and the completeness. The remainder of this paper is organized as follows. Section II presents the definitions of LG beams and of the inner product of two arbitrary LG beams. The influences of finite circular apertures on the orthogonality and the completeness of LG beams are discussed in Section III and Section IV, respectively. The conclusions are drawn in Section V.
The notations of different number sets are listed as follows:
• Z the set of all integers.
• Z + 0 the set of non-negative integers.
• Z + the set of positive integers.
• R the set of real-valued numbers
• R + the set of positive real-valued numbers.
II. PRELIMINARIES A. GENERALIZED LAGUERRE-GAUSSIAN BEAMS
Integer LG beams with OAM are the eigen solutions of the free-space paraxial wave equation in cylindrical coordinates [24] . At the waist plane z = 0, the field distribution of an arbitrary LG beam is expressed as
LG where α is the topological charge, p ∈ Z + 0 is the radial index, ω 0 is the waist of the fundamental Gaussian beam, and C (α) p is the normalized amplitude coefficient, i.e.,
where (x) is the Gamma function. L (|α|) p (x) is the generalized Laguerre function, also known as the associated Laguerre function. There are three equivalent expressions of generalized Laguerre functions for different applications. Rodrigues' formula of Laguerre functions is expressed as
where
where i! denotes the factorial of i, and for α ∈ Z in particular, we have p } are the LG eigen modes. These modes form a complete group of orthonormal bases in the space of square integrable functions in the cross sections perpendicular to the propagating axis [24] . Consequently, any prescribed field at z = 0 that is square integrable can be expanded into a series of {LG
When the propagating channel is linear, the coefficients of the LG expansions remain the same for different propagating distances z. It is reasonable to examine only the expansions at z = 0.
LG beams are all annular according to Eq. (1). The radii of these beams are quite important for the identification and the applications of LG beams. The r.m.s radius r rms of an arbitrary LG beam LG (α) p is √ 2p + |α| + 1ω 0 [11] . Only the beams that satisfy the r.m.s radius condition can transmit effectively when the aperture is finite. Fig. 1 shows the influence of the aperture size on the beam energy passing through the aperture with a radius of r a = 2ω 0 . As shown in Fig. 1 , the beams are cut off by the aperture edge. For the beams with high orders, a considerable amount of the beam energy is lost. This loss of energy will inevitably affect the relations between different LG beams.
B. INNER PRODUCT IN FINITE APERTURES
The inner product plays quite an important role when analyzing the relation between two arbitrary functions. First, a sufficient and necessary condition for the orthogonality of VOLUME 6, 2018 FIGURE 1. The amplitudes of the original beams and the truncated beams in the aperture with a radius of r a = 2ω 0 .
two arbitrary functions is that the inner product of these two functions is zero. Moreover, the coefficients of an orthogonal expansion of an arbitrary function are generally defined as the inner products of the arbitrary function and the corresponding orthogonal bases.
In a finite aperture with a radius of r a ∈ R + , the inner product of two LG modes LG 
According to Eq. (1), LG (α) p (r, θ) is separable in the variables. Substitute the beam profile Eq. (1) into Eq. (6). After some direct calculations, one can obtain
where the coefficient independent of the coordinates is defined as
Let t = η − α; then, the coefficient derived from the integral of the azimuthal angle θ is
The third term is obtained as follows. 
Substitute Eq. (3) into Eq. (10); then, we have
III. ORTHOGONALITY IN FINITE APERTURES
As is well known, a sufficient and necessary condition for the orthogonality of two arbitrary functions is that their inner product is zero. The inner product of two LG eigen modes Eq. (7) is the product of three terms:
. Consequently, Eq. (7) is zero if and only if at least one of these three terms is zero. The main work in this section is to find the conditions for these terms to be zero. It is obvious that the first term C Note that in Eq. (7), only the term S(η − α) is calculated from the integration of the azimuthal coordinate θ and is independent of the radial indices k and p and the radial coordinate r. Conversely,
is independent of θ . It is reasonable to classify the orthogonality into two different categories: the azimuthal orthogonality and the radial orthogonality. These two types of orthogonalities of LG beams are investigated in the following paragraphs separately.
A. AZIMUTHAL ORTHOGONALITY
The azimuthal orthogonality is derived based only on the azimuthal relative relation between two arbitrary LG eigen modes. According to Eq. (7), only the term S(η − α) is calculated from the integration of the azimuthal coordinate θ . The relation of the modulus of the azimuthal-coordinaterelated integral S(η − α) and the difference of the topological charges η and α of two arbitrary LG beams is shown in Fig. 2 .
In Fig. 2 , the zero points occur at the locations where η − α are non-zero integers. For η, α ∈ Z, i.e., when the two corresponding LG beams are eigen modes, η − α is always an integer, and when the topological charges are different, η − α is a non-zero integer. Consequently, the corresponding S(η − α) is zero.
An obvious conclusion can be drawn from Eq. (7) and the result in Fig. 2 , as follows. to each other in apertures of any sizes, and the azimuthal orthogonality is independent of k and p.
Proof: For η, α ∈ Z, when η = α, the difference between η and α is always a non-zero integer, which leads to S(η − α) = 0; then, the inner product of two LG eigen modes LG (η) k and LG (α) p , i.e., Eq. (7), is zero. In fact, these two LG eigen modes are orthogonal to each other. Since S(η − α) is independent of the radial coordinate r and the radial indices k and p, the azimuthal orthogonality is independent of the radius r a of the observing aperture and the radial indices k and p.
In fact, the azimuthal orthogonality of LG beams proposed in Theorem 1 directly corresponds to the OAM of LG beams and ensures the independence of LG beams with different integer topological charges [29] . It is the theoretical basis of the applications of LG beams with integer topological charges in multiplexing communications. Under this condition, in a communication system that uses LG beams with different integer topological charges, the multiplexed LG beams in the channel can be detected separately, without joint detection. The azimuthal orthogonality also makes the implementation of the detection of the OAM easy. The easiest way to detect a desired OAM beam, including LG beams, with integer topological charge α is to setup a phase screen or spiral phase plate with the phase profile exp(−iαθ ) at the receiver. The shortcoming of this method is that it can not identify LG beams with different radial indices. To identify LG beams with different radial indices, a computer-generated hologram should be used [10] .
B. RADIAL ORTHOGONALITY
Meanwhile, for the LG eigen modes with η, α ∈ Z, when η = α, i.e., they have the same topological charge, S(η − α) = 1 and the inner product can be simplified as
Substitute η = α into Eq. (11); then, the operator T
has two equal expressions given by
Apply integration by parts, and the integration in Eq. (13a) can be derived as
The same derivation can be applied to Eq. (13b), and the result is in the same form as Eq. (14) with the exchange of k and p. Furthermore, the exact form of Eq. (13) is derived for two cases as follows.
(
Let q = max{p, k} and m = min{p, k}. Eq. (13) can be expressed as
For the special case of m = q − 1, i.e., two LG eigen modes with adjacent radial indices, Eq. (15) can be transformed as follows:
The following equation is used:
which is proven in detail in Appendix A. VOLUME 6, 2018 (14) is equal to (−1) q . Under this condition, Eq. (13) is derived as
where γ (a, u) = u 0 x a−1 e −x dx is the lower incomplete Gamma function.
In the derivations of T
, Eq. (3) and the following relation are utilized, i.e.,
where v = m+1 n , u > 0, and the real parts of v, n and β are all positive [30] .
When the aperture size r a → +∞, Eq. (15) is zero and Eq. (18) k , i.e., the truncated energy in a finite aperture. (2) When k = p and η = α, in infinite apertures, we have r a → +∞, and therefore, u → +∞. This causes Eq. (15) to be zero. Consequently, the inner product Eq. (12) is zero, which means that the two LG eigen modes are orthogonal to each other.
(3) Nevertheless, when r a is finite, the value of Eq. (15) appears to be more complicated. For the case of two LG eigen modes with adjacent radial indices, Eq. (15) is simplified as Eq. (16) . Equation (16) is always non-negative. Moreover, the zero points of general Laguerre functions with different radial indices are different, which leads Eq. (16) to be positive for any r a ∈ R + . Consequently, we can conclude that two LG eigen modes with adjacent radial indices are always nonorthogonal to each other in any finite apertures.
For other cases of two LG eigen modes with different radial indices, Eq. (15) is a polynomial of u with the highest power of (|α| + m + q), and u = 0 is a root of multiplicity (|α| + 1). It contains no more than (m + q − 1) zero points for positive u according to the fundamental theorem of algebra. Moreover, these zero points are different for different LG eigen modes. There is no available value of u for all the LG eigen modes to be orthogonal to each other at the same time except for 0 and +∞.
In conclusion, in finite apertures, the LG eigen modes are not exactly orthogonal to each other at the same time. In other words, in a given aperture, LG eigen modes that are nonorthogonal to each other always exist.
By substituting Eq. (18) back into Eq. (12), one can obtain the energy of any LG eigen mode in the aperture with a radius of r a , i.e.,
In particular, when r a → +∞, the first term in Eq. (18) is zero and γ (q+|α|+1, u) → (q+|α|+1). Then, the energy of any LG eigen mode in an infinite aperture is LG
satisfying the orthonormality. Moreover, note that Eq. (15) and Eq. (18) also hold for α ∈ R. Let the radius of the finite aperture be r a = √ max + 1ω 0 , where max is the maximum topological charge of the LG beam that can propagate through the aperture effectively according to the r.m.s radius condition. According to Eq. (12)-Eq. (20), Fig. 3 shows the inner products of some LG eigen modes in finite apertures with different radii and the truncated energy of the eigen modes (diagonal elements).
The results presented in Fig. 3 prove the conclusion of Theorem 2. In ideally infinite apertures, the inner products of the LG eigen modes with different topological charges or different radial indices should be zero. Nevertheless, in a finite aperture, as presented in Fig. 3 , the inner products are not exactly zero for different modes. The corresponding LG eigen modes are non-orthogonal to each other. Moreover, it is notable that the size of the aperture has more influence on the LG modes of large orders. When an LG eigen mode with a root mean square radius of r rms = √ 2p + |α| + 1ω 0 that is no more than r a , most of the beam energy is reserved. If r rms is greater than r a , some of the beam energy is lost outside the aperture, and the energy loss increases as the order of the beam increases.
IV. COMPLETENESS IN FINITE APERTURES
In this section, the completeness of the set of LG eigen modes is taken into consideration. The definition of completeness is given as follows [31] .
Definition 1: If a function F(x) can be approximated by a series
to any desired degree of accuracy, then the set of orthogonal functions, {φ n (x)}, is called complete, i.e.,
Refer to the completeness of LG eigen modes, which can be proven based on Sturm-Liouville theory [24] , [27] , [31] . Lemma 1 indicates that when the observing aperture is infinite, according to the orthogonality and the completeness of the LG bases, any square integrable functions can be expanded by the LG basis [27] . When the beams propagate in a linear channel, the coefficients of the LG expansions remain the same for different propagating distances z. It is reasonable to examine only the expansions at z = 0, i.e.,
where the coefficients of the LG expansion can be calculated by the inner products of f and {LG (α)
Based on the completeness of LG bases, the LG approximation is an effective way to synthesize arbitrary light beams. Some researchers have introduced the discrete LG transformation based on the orthogonality and the completeness of LG bases into signal processing [27] . However, according to the results in Section II-A, the energy of an arbitrary LG beam with an r.m.s radius larger than the aperture radius r a is cut off by the edge of the aperture. In practical applications, the energy efficiency must be considered. Consequently, the LG beams with r.m.s radii larger than the aperture radius are not suitable for powerconstrained systems. Furthermore, the number of LG eigen modes in a finite aperture is also constrained, which means that we can only perform truncated LG approximations for the square integrable functions in the aperture.
When performing a series expansion, the accuracy of the expansion is the most important parameter for measuring the performance. The less error the expansion brings out, the better the performance is.
We take fractional-order LG beams into account in the following analysis. Fractional-order LG beams are believed to be linear combinations of the LG eigen modes according to the completeness proposed at the beginning of this section. This opinion has limited the application of fractional-order LG beams. Nevertheless, the completeness of the LG bases is based on the infinite integral space and the infinite number of the bases. As shown in Section II and Section III, in finite apertures, the beams are truncated and the orthogonality of the LG eigen modes is partially lost. In the following paragraphs, the influence of the finite apertures on the completeness of the LG eigen modes is discussed in detail.
Assume an arbitrary-order LG beam f = LG ( ) k (r, θ) with topological charge ∈ R and radial index k ∈ Z + 0 . According to Eq. (7), the inner product of this arbitrary-order LG beam and an LG eigen mode LG
When is a fractional number, S( −α) is non-zero and cannot be simplified.
For | | = |α|, however, the operator T
u cannot be calculated through the integration by parts as we do in Section III. In this section, we introduce a general closed form of the operator T ( ,α)
with only hypergeometric functions and Gamma functions, given by Eq. (27) at the bottom of this page, where the rising factorial (a) i is defined as
Eq. (27) can be calculated in a finite number of basic calculations, and the derivation is presented in Appendix B. Some special results of T Let the radius of the finite aperture be r a = √ max + 1ω 0 , where max is the maximum topological charge of the LG beam that can effectively propagate through the aperture according to the r.m.s radius condition. In this finite aperture, only the eigen modes with the parameters p and α satisfying that (2p + |α|) is no more than max are taken into account. Note that not only the series but also the energy of the eigen modes are truncated with respect to the finite radius r a according to Eq. (20) and the results in Fig. 3 .
The approximation of an arbitrary real-order LG beam with topological charge and radial index k, LG ( ) k , in an aperture with a radius of r a , is then expressed as The following paragraphs prove that for ∈ R and / ∈ Z, the RMSE of Eq. (28) defined in Eq. (29) is always non-zero and the completeness of LG eigen modes is also affected.
Theorem 3: In a finite aperture with a radius of r a , the LG eigen modes {LG
α p |α ∈ Z, p ∈ Z + 0 } satisfying that √ 2p + |α| + 1 is no more than r a /ω 0 form a subset {LG α p |α ∈ Z, p ∈ Z + 0 , √ 2p + |α| + 1 ≤ r a /ω 0 }.
This subset of LG eigen modes is incomplete.
Proof: Use proof by contradiction. In a finite aperture with a radius of r a , fractional LG beams are square integrable.
For the case of k = p = 0, we have
and
By substituting Eqs. (30)- (32) into Eq. (25), we have
When is a fractional number and α is an integer, S( − α)
is non-zero. Moreover,
is always positive. Consequently, Eq. (33) is non-zero for arbitrary α ∈ Z. The non-zero value of Eq. (33), i.e., the inner product of two LG beams with the same radial index of zero and the topological charges of fractional and integer α, means that these two LG beams are non-orthogonal. For any arbitrary finite aperture, non-zero inner products of fractional LG beams always exist. The corresponding LG bases of these non-zero
8748 VOLUME 6, 2018 inner products are mutually independent, and they cannot be eliminated by linear calculations. Consequently, the error of the truncated LG approximation of an arbitrary fractionalorder LG beam in any arbitrary finite aperture is always non-zero, which is a contradiction to the definition of the completeness.
In conclusion, in a finite circular aperture with a radius of r a , the subset of LG eigen modes {LG α p |α ∈ Z, p ∈ Z The numerical results of the RMSE e r a of the truncated LG expansions are presented in Fig. 5 .
The results in Fig. 5 show that the RMSE e r a of the truncated LG expansions for an arbitrary real-order LG beam LG ( ) k is an oscillating function of . When is nearly an integer, e r a → 0. When is a non-integer, the RMSE increases and reaches its peaks when is a half integer. In finite apertures, less max causes a larger RMSE. Moreover, the peaks of the RMSE are all greater than 0.225. For different LG beams, the approximation error converges to 1 when the beams' r.m.s radii exceed the aperture radius. According to Theorem 3 and the results in Fig. 4 and Fig. 5 , in a finite aperture, fractional-order LG beams exist that cannot be approximated to arbitrary desired accuracy by the finite LG eigen modes limited in the aperture. As a consequence of the loss of the completeness, the fractional LG beams are relatively independent of the LG eigen modes. This allows us to use the fractional LG beams alongside the LG eigen beams to transmit information in OAM-based communication systems with finite apertures.
V. CONCLUSIONS
In this paper, the influences of finite apertures on the orthogonality of LG eigen beams and on the completeness of the set of LG bases are investigated. The closed form of the inner product of two arbitrary LG beams in finite apertures is derived. It can be used as the mode transmission gain in OAM-based multiplexing systems. Theoretical analysis and numerical results are presented. First, the analysis and the results show that in finite apertures, LG beams with different integer topological charges are orthogonal to each other, and this azimuthal orthogonality is independent of the radial coordinate and the radial indices. However, LG beams with the same integer topological charge and different radial indices are not exactly orthogonal to each other. Second, we prove that in a finite aperture, the subset of LG eigen modes that satisfies the r.m.s radius condition is incomplete. The normalized RMSE of the truncated LG approximation is studied. The peaks of the RMSE of the LG expansions in finite apertures are greater than 0.225 under the r.m.s radius condition when approximating fractional LG beams. Consequently, the fractional LG beams are relatively independent of the LG eigen modes limited in finite apertures.
The results obtained in this study provide the theoretical basis for research on the relations of multiple LG beams in systems with finite apertures. This study can help analyze and design optical communication systems using LG beams with both radial and azimuthal degrees of freedom under the finite aperture limitation.
The main idea to prove Eq. (A.1) is to compare the coefficients of {x j y k , j = 0, 1, 2 · · · , n; k = 0, 1, 2, · · · , n} on both sides of the equation.
Use the definition of the Laguerre polynomials Eq. (5) to expand the summations of both sides of Eq. (A.1). Then, the left side of Eq.(A.1) is expanded as
The right side of Eq.(A.1) is expanded as
Compare the expressions of Eq. (A.2) and Eq. (A.4) ; then, the sufficient and necessary condition for Eq. (A.1) is that the following relation holds:
The values of the left side and the right side of Eq. (A.5) for different j and k can be presented in the form of products of matrices as
where the elements of the matrices I 1 , I 2 , I 3 and I 4 are defined as 
There are two basic matrices that are useful for matrix manipulation, defined as follows. One is the backward identity permutation matrix A defined as
. (A.12)
The matrix A satisfies the identities that A = A T = A −1 , where A T is the transpose of A.
The other one is for sign changing, defined as
The matrix B is also an invertible matrix satisfying B = B T = B −1 . Left multiply I 1 by A and the elements of I 1 are permuted upside down, i.e., the elements of the product AI 1 are expressed as
Then, right multiply the product AI 1 by the sign changing matrix B, and the elements of the product I 1 = AI 1 B are obtained as 
which holds for integer d ≥, integer c ≥ 0, integer b ≥ 0, and integer a ≥ 0, let a = n, b = n − p, c = α and d = α + k; then, the following relation is obtained: (A.27) which is the desired identity. Then, the identity of Eq. (A.1) is proven.
APPENDIX B
In this appendix, the closed-form of the following integral I is derived. These results are quite concise and can be used to prove the orthogonality of the generalized eigen Laguerre-Gaussian beams in infinite apertures.
